Abstract. We determine the spectra of composition operators acting on weighted Banach spaces H ∞ v of analytic functions on the unit disc defined for a radial weight v, when the symbol of the operator has a fixed point in the open unit disc. We also investigate in this case the growth rate of the Koenigs eigenfunction and its relation with the essential spectral radius of the composition operator.
Introduction
The purpose of this paper is to determine the spectrum of a composition operator which is continuous on a weighted Banach space of analytic functions on the open unit disc D of type H ∞ , and to investigate how the essential spectral radius of the operator determines the growth of the Koenigs eigenfunction for the symbol. We denote by H(D) the space of holomorphic functions on D. As usual, H ∞ is the space of bounded analytic functions on D endowed with the norm ||f || H ∞ = sup z∈D |f (z)|. Given an analytic self map ϕ on D, the composition operator on H(D) is defined by C ϕ (f ) = f • ϕ. Clearly, for each positive n, C n ϕ = C ϕ n , where ϕ n is the n-th iterate of ϕ. We refer the reader to the books of Cowen and MacCluer [9] and Shapiro [20] for a deep study of composition operators on classical spaces of holomorphic functions on the disc.
A weight v : D → R is a radial bounded continuous strictly positive function on the unit disc D of the complex plane. We consider the weighted Bergman spaces of infinite order Notice that the norm topology of H ∞ v is finer than the compact-open topology induced on the space. For more details about spaces of this type we refer the reader to [2, 3, 15] and the references therein.
In this paper we determine the spectrum of the composition operator C ϕ on both H ∞ v and H 0 v for more general weights v than the standard weights v p (z) = (1 − |z| 2 ) p , p > 0, when ϕ have an attractive fixed point in D; thus we extend the results obtained by Aron and Lindström in [1] . This is presented in Theorem 3.5 and Corollary 3.6. The description of the spectrum of non-compact composition operators acting on Banach spaces of analytic functions has recently been object of investigations in [10, 14, 22, 16, 18, 19] and [1] .
For general radial weights v and holomorphic self maps ϕ having an attractive fixed point in D we also study how the essential spectral radius of C ϕ on both H ∞ v and H 0 v determines whether the Koenigs eigenfunction σ of C ϕ belongs to H ∞ v and H 0 v respectively. Every holomorphic self map ϕ having non-zero derivative at its Denjoy-Wolf point w ∈ D has a unique
We refer the reader to chapters 5 and 6 of Shapiro's book [20] and to the survey [21] . Bourdon [6] 
, and that the converse does not hold; see [6, Section 4] . Moreover, it is known that σ ∈ H ∞ if and only if r e,H ∞ (C ϕ ) = 0. Our results and examples in Section 4 extend part of Bourdon results, and show that it is not possible to extend his results to arbitrary radial weights on the unit disc.
Preliminaries
A radial weight v is called typical if it is non-increasing with respect to |z| and satisfies lim |z|→1 v(z) = 0. The associated weightṽ is defined bỹ
If v is a radial weight, then alsoṽ is a radial weight and it is nonincreasing. If we takeṽ instead of v and v is typical, thenṽ is also typical and both the spaces H ∞ v and H 0 v do not change when we replace v byṽ. Moreover, v ≤ṽ. We say that v is an essential weight if there is a constant
. More information about the associated weightṽ can be found in [2, 3] . The polynomials are contained in H 0 v , and they are dense in H 0 v if the weight v is typical. A moderate weight v is a smooth weight which satisfies −∆ log v(z) ∼ (1 − |z| 2 ) −2 for all z ∈ D, where ∆ = ∂∂ is the Laplacian (see [5] , [11] ). Every moderate weight is essential by a theorem of Seip; see Proposition 2 in [11] . Two weights v and w are equivalent if there are positive constants c, C > 0 such
, so that ϕ a is an automorphism of D that exchanges the points 0 and a. If v is a typical weight that satisfies the Lusky condition [15] ( * ) inf
then Theorem 2.3 in [3] ensures that all operators C ϕ are bounded on both H 0 v and H ∞ v . Several conditions equivalent to ( * ) can be seen in [11] . If condition ( * ) is satisfied, then C ϕa is an invertible bounded operator on both H 0 v and H ∞ v for every a ∈ D. In Section 4 we investigate the growth of Koenigs eigenfunction for an analytic self map ϕ on the unit disc satisfying ϕ(0) = 0, 0 < |ϕ (0)| < 1. Our results yield immediately consequences for analytic self maps with a Denjoy-Wolff point w ∈ D such that ϕ (w) = 0, at least if the weight v satisfies Lusky's condition ( * ). Indeed, if w = 0, define ψ = ϕ w • ϕ • ϕ w . The Koenigs eigenfunctions σ ψ for ψ and σ for ϕ are related by the simple formula σ = (|w| 2 − 1)σ ψ • ϕ w . Here the factor (|w| 2 − 1) yields the normalization of the derivative σ (w) = 1; see page 571 in [6] . Now
is bounded or tends to 0 as |z| tends to 1 if and
is bounded above and bounded away from 0 by [3] . An analogous consideration holds for σ n and σ n ψ . On the other hand, since the composition operators C ϕ and C ψ are similar, the spectrum, and the essential spectrum radius, defined below, of both coincide.
The essential spectrum σ e,X (T ) of a bounded operator T on the Banach space X is the set of all λ ∈ C such that T − λI is not Fredholm. It is known that σ e,X (T ) = σ e,X * (T * ) [12] . The essential spectral radius of T on X is given by r e,X (T ) = sup{|λ| : λ ∈ σ e,X (T )}. Another way of expressing the essential spectral radius is
e,X , where ||T || e,X denotes the essential norm of T , i.e., the distance from the compact operators on X.
Let λ ∈ σ X (T ) be such that |λ| > r e,X (T ). Then λ lies in the unbounded component of C \ σ e,X (T ). Now the Fredholm theory gives that λ is an isolated point of σ X (T ) which also is an eigenvalue of finite multiplicity. Let us state this well-known result as a lemma; see [12] .
X (T ), then λ is an isolated eigenvalue of finite multiplicity.
If the weight v is typical, then the following formula of the essential norm of C ϕ on H ∞ v in terms of the weight has been obtained in [17] or [8] , in [8] with the extra assumption that H 0 v is isomorphic to c 0 ; see also [4] ,
.
If ϕ(0) = 0 and 0 = |ϕ (0)| < 1, then Koenigs Theorem (see 6.1 in [20] ) states that the sequence of functions In this section we assume that ϕ(0) = 0, 0 < |ϕ (0)| < 1 and that the weight v is typical. The assumption ϕ(0) = 0 implies that C ϕ is bounded both on H 0 v and H ∞ v . Lemma 3.1. Let v be a typical weight and assume that ϕ(0) = 0 and 0
Proof. We use an argument of [13] 
and with z = 0 we get the contradiction 0 = 1. For n > 1, suppose f ∈ H ∞ v and f (ϕ(z)) − ϕ (0) n f (z) = z n . By repeated differentiation on both sides we get, for all k < n, that f (k) (0) = 0. Then for k = n and z = 0, we obtain the
In the next section we discuss when ϕ (0) n belongs to the point spectrum of C ϕ .
For 
Consequently, we can apply the closed graph theorem to get that the map f → f /z m is well-defined, linear and continuous from
Recall that (z k ) is an iteration sequence for ϕ if ϕ(z k ) = z k+1 for all k. We need the following crucial lemma due to Cowen and MacCluer [9] . 
. Proof. By Lemmas 2.1 and 3.1 it remains to show that 
We now choose m so large that
Indeed L ζ is bounded: Proposition 3.3 yields
Further, applying (3.1) and (3.2) we get
Therefore, L ζ is bounded. Let us find next a lower bound for
Sinceṽ is non-increasing, we get using again (4.1) and (4.2)
If, in addition, we choose m so that
,
Hence by (3.3),
Therefore, using Proposition 3.3, we obtain the desired lower bound
The final step is to estimate ||(C
For the bounded composition operator
Pick µ so that |λ| < µ < ρ. Since ρ is the essential spectral radius, there is n 0 so that for every l ≥ n 0 ,
Hence for any l ≥ n 0 we can find a w ∈ D so that
Thus, we apply Lemma 3.2 to get
This means that for every K ≥ n 0 with the above choice of w ∈ D we can form an iteration sequence (
Finally,
By choosing K ≥ n 0 big enough, it follows that C * m − λI is not bounded from below. 
Remarks and examples about the Koenigs function and the essential spectral radius of C ϕ
In this section we investigate when ϕ (0) n , n ∈ N, belongs to the point spectrum of C ϕ on H ∞ v and H 0 v respectively. 
, it follows from Lemma 2.1 that ϕ (0) n is an eigenvalue of finite multiplicity. Further, by the work of Koenigs, only constant multiples of σ n can be corresponding eigenfunctions, and consequently σ n ∈ H 0 v .
We investigate conditions to obtain the converse of Theorem 4.1. 
If the eigenfunction σ
Proof. First of all, by (a),
On the other hand, by our general assumptions on ϕ, |ϕ n (z)| ≤ |z| for all z ∈ D and n ∈ N. We can apply (b) to get C > 0 with
for all z ∈ D and n ∈ N.
Since r e,H 0
and v is essential, we get r e,H 0 
Proof. Fix 0 < ε < ε 0 . We show that v satisfies the assumptions (a) and (b) of Theorem 4.2 for q < p = q + ε. Indeed, (b) is trivial, as v/v q is assumed to be almost decreasing with respect to |z|. On the other hand
We apply Theorem 4.2 to conclude |ϕ (0)| n ≥ r e,H ∞ v (C ϕ ) (q+ε)/q . Since this holds for each 0 < ε < ε 0 , the conclusion follows.
Observe that the second assumption in Corollary 4.3 holds if for each 0 < ε < ε 0 , lim r→1 
Then using
Hence r e,H 0 v (C ϕ ) = 1/2 = ϕ (0). This shows that "greater or equal" cannot be replaced by "strictly greater" in Corollary 4.3. 
